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Abstract

Many location-based services require rich and expressive query
language support for filtering large amounts of information. In
prominent location-based services thousands of continuous queries
execute concurrently. Parts of these queries may overlap or log-
ically depend on each other suggesting to amortize the execution
over shared sub-queries and ordering queries according to their
dependency relations. In this paper spatio-temporal queries con-
stitute location constraints monitored by applications. We develop
Constraint Combination Binary Decision Diagrams (CCBDDs),
an efficient location constraint matching algorithm based on Bi-
nary Decision Diagrams. With CCBDDs, redundant computations
for shared sub-queries are avoided, and query dependencies are
identified and pruned. Empirical results show that the CCBDD
structure greatly improves matching performance by eliminating
otherwise redundant computation and memory use in the evalua-
tion.

1. Introduction
The advances in location positioning technology [30] and the

pervasive presence of wireless networks give rise to an increas-
ing number of applications for location-based services. Due to
the large amount of information, such as the continuously chang-
ing location position of moving objects, the large amount of in-
terest profiles, dynamically changing and static information about
the environment, sophisticated filtering and correlation capabili-
ties are crucial to the success of a middleware platform supporting
location-awareness. For many applications, it is often extremely
important to specify rich and expressive queries about the moving
objects in the environment. Sophisticated filtering relies on ex-
pressive query language support to shield the application from too
much unnecessary data. This paper is concerned with developing
algorithms to enable the use of a rich query language supporting
spatio-temporal processing among moving objects. We illustrate
our approach based on the location constraints, the continuous
spatio-temporal queries we developed [26, 25]. The approach pre-
sented in this paper is applicable to many other types of queries,
such as the Continuous Range query (CR), the Continuous Re-
verse Range query (CRR), the ContinuousK-Nearest Neighbor
query (CKNN ), and the Continuous ReverseK-Nearest Neigh-
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bor query (CRKNN ) etc.
In the following, we briefly review the notion of location con-

straints. Then-body constraintand then-body static constraint.
Then-body constraintis of the form|p1

t, p2
t, ..., pn

t| < d (or
> d.) It is satisfiedif the smallest circle enclosing then mov-
ing objects, identified byp1, p2, ..., pn has a diameter smaller (or
larger) thand at timet. pi (1 ≤ i ≤ n) is the identifier of object
i. In our notationpi

t is interpreted as the coordinate of objecti at
time t. d is referred to as thealerting distance. Then-body static
constraintis of the form|A, p1

t, p2
t, ..., pn

t| < d (or > d). A
is the coordinate of some static point. The constraint issatisfied
if the n moving objectsp1, p2, ... , pn, are within (or outside) the
distanced from the static pointA at timet. In the following, we
mainly focus on n-body constraints to illustrate our idea. All ap-
proaches are also applicable to n-body static constraints as well as
the above listed queries.

The conjunction, disjunction and negation of location constraints,
referred to asconstraint combination, are more expressive than
a single constraint, referred to as anelementary constraint. For
instance, moving objectp1 wants to be notified if both, moving
objectsp2 andp3, are close by. This could be modeled by the
constraint combination|p1, p2| < d1 ∧ |p1, p3| < d1. Remind
that the distance between two objects is below some alerting dis-
tance is a 2-body constraint. In another example, moving ob-
ject p1 requires a notification, if it is close to a static point,A,
and another moving objectp2 is also close to (or approaching)
A. This could represent a situation wherep1 is a pedestrian try-
ing to catch a bus (p2) at bus stationA, as illustrated in the top
left of Fig. 1. This is modeled as constraint combinationc1 ∧ c2

(c1 = |A, p1| < d1 and c2 = |A, p2| < d2.) To express the
event that a group of moving objectsp1, p2, ..., pn are assembling
beside a locationA, we write|p1, p2, ..., pn| < d1 ∧ |pi, A| < d2

(for somei, 1 ≤ i ≤ n). The condition thatp1 is accompanied
by eitherp2 or p3 is specified as|p1, p2| < d1 ∨ |p1, p3| < d1

and the condition thatp1 is accompanied by neitherp2 nor p3 is
specified as¬(|p1, p2| < d1 ∨ |p1, p3| < d1). The notion of con-
straint combination extends to other types of continuous spatio-
temporal queries. For example, the condition thatpi is inside a
certain rangeR1 (e.g., a floor), but not in rangeR2 (e.g., a specific
meeting room) can be expressed as the combination of two contin-
uous range queries,c3 ∧ ¬c4 (c3 = pi ∈ R1 andc4 = pi ∈ R2.),
as illustrated in the bottom left of Fig. 1. In real applications, some
location constraints are more popular than others, so they may be
submitted multiple times by different users. For example, the con-
straint ”Send me a notification when the flight AC37 has arrived at
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Figure 1. Data Flow for Location Constraint Processing

the Pearson airport.” will be relatively popular among the mobile
users. However, this constraint will have to be evaluated multi-
ple times in the traditional location constraint matching engine.
Also some constraints may be logically dependent on some other
constraints as will be shown shortly, but they are often treated in-
dependently. This paper is dedicated to resolve these issues and
provides a solution to the efficient processing of constraint combi-
nations.

Location constraints are like continuous queries that once sub-
mitted to the system remain active until explicitly revoked. Fig. 1
shows the data flow of a typical location-based service employ-
ing the processing of location constraints. First, the location based
applications formalize the location constraint and constraint com-
binations and they are submitted into our system. Location up-
dates of moving objects are streamed into the system and trigger
the evaluation of constraints. Matching constraints are commu-
nicated back to the interested subscribers. Notice that a efficient
partition-based processing algorithm for large amounts of elemen-
tary constraints has been proposed in our earlier work [25]. In this
paper, we look at how the constraint combinations can be evalu-
ated efficiently. The algorithm in [25] of course can be adopted to
enhance efficiency, but this is not the focus of this paper.

Although constraint combinations are more expressive than a
single constraint, to the best of our knowledge, there is little work
on efficiently processing such kind of location constraint combi-
nations. Existing data management and indexing techniques for
moving objects [10, 20, 18, 19, 14, 31, 29, 13, 24, 8] are mainly
focusing on the efficient processing of a single spatio-temporal
query, such as a range query and thek nearest neighbor query
(kNN). In [25], a location constraint matching algorithm support-
ing the concurrent, continuous evaluation of many elementary lo-
cation constraints (i.e., hundreds of thousands of location con-
straints) is developed. This work addresses the problem of eval-
uating large numbers of elementary constraints based on different
space partitioning techniques. It, however, does not address the
problem of efficiently processing constraints combinations, which
is the subject of this paper. Moreover, the prior work lacks to
address how to use historical information of constraint process-
ing (e.g., which elementary constraint appears more often or is
frequently evaluated and matched) and dependency relationships
among constraints to optimize processing, which are techniques

developed in this paper.
In this paper, we develop algorithms for the efficient evaluation

of location constraint combinations. Our approach is based on Bi-
nary Decision Diagrams (BDD). We extend BDDs to accommo-
date the location constraints underlying our query language and
develop the Constraint Combination Binary Decision Diagrams
(CCBDDs). The CCBDDs data structure exploits the shared ex-
ecution by aggregate location constraints in the system, so that
the redundant computation for repetitive elementary constraint is
avoided. We also show the rules for identifying the dependent con-
straints and skip the unnecessary computation with transition links
that infers the dependency relationship between the constraints. To
efficiently identify the dependency relationship of large amounts
of dynamically changing constraints, a lattice structure is con-
structed and updated as the constraint set evolves over time. Also,
we extend queries toCRR andCRKNN queries, and even the
queries that returns a non-Boolean result, such asCR andCKNN .

Through experimental evaluation, we show that CCBDDs are
efficient both in terms of time and space complexity. Dependent
constraint pruning further improves the system performance. We
also take historical information of the constraint processing (con-
straint occurrence, evaluation frequency etc.) into account to fur-
ther amortize the matching cost. The performance gain can be
achieved by placing the popular elementary constraints in favor-
able variable ordering. With slight overuse of memory, the lattice
structure greatly reduce the time required for identifying the de-
pendency relationship, so that the system can cope with frequent
update of constraints while still processing huge amounts of exist-
ing constraints.

We start by providing background information on BDDs in
Section 2. In Section 3, we develop the location constraint match-
ing algorithm based on CCBDDs. In Section 4, we introduce de-
pendency rules among location constraints and present a lattice
structure to efficiently manage dependency relationships. The de-
scription of the system architecture of our research prototype can
be found in Section 5. Section 6 presents the experimental evalu-
ation of our approach. We put our work in perspective to related
approaches in Section 7.

2. Background of Binary Decision Diagrams

Binary Decision Diagrams (BDDs) are abstract representations



of Boolean functions [2]. BDDs represent Boolean functions as
rooted, directed acyclic graphs (DAG). BDDs simplify many Boolean
operations in functions. BDDs are mainly used in various numeri-
cal computations [7, 12, 17].

Boolean functions are logic expressions based on predicates
and operators. There are two prominent normal forms: Conjunc-
tive Normal Form (CNF)1 and Disjunctive Normal Form (DNF)
2. When a computational problem can be specified in terms of
Boolean functions, it can take advantage of the BDD-based al-
gebraic operations to determine satisfiability3, equivalence4 and
tautology5.

There are a few variants of BDDs. We adopt three of them
for our approach and they are Ordered BDDs (OBDD), Reduced
Ordered BDDs (ROBDD) and Shared BDD (SBDD) [9, 4].

Each node in a BDD has two outgoing edges. This binary
representation of the node is based on the if-then-else (ITE) op-
eration, Each non-terminal nodev of a BDD has two children:
low(v) if the variablev is assigned 0, andhigh(v) if v is as-
signed 1. A terminal node is denoted by a rectangular box, la-
beled either 0 or 1. Each node represents a Boolean functionf =
v′ · low(v) + v · high(v), denoted asITE(v, low(v), high(v)),
that isITE(v, low(v), high(v)) = v′ · low(v) + v · high(v). In
the following illustrations, we use a solid arrow to represent the
”then” edge (1), and use a dashed arrow to represent the ”else”
edge (0).

Any Boolean expression can be decomposed to elements that
can be expressed with the ITE operation. This is based on Shan-
non’s decomposition theorem:f = v · fv + v′ · fv′ , wherefv

and fv′ are f evaluated atv = 1 and v = 0, respectively. v
is the top variable inf . The following rules can be extracted
based on Shannon’s decomposition and applied to decompose an
expression:(1)ab = ITE(a, b, 0), (2)a + b = ITE(a, 1, b),
(3)a = ITE(a, 1, 0) and(4)a′ = ITE(a, 0, 1). The operation
can be applied recursively until the function is fully decomposed.
With the above rules, the expressionf(a, b, c, d) = ab + cd can
be decomposed recursively as follows:

f(a, b, c, d) = ab + cd

= ITE(ab, 1, cd)//rule 2

= ITE(ITE(a, b, 0), 1, cd))//rule 1

= ITE(ITE(a, b, 0), 1, ITE(c, d, 0))//rule 1

= ITE(ITE(a, ITE(b, 1, 0), 0), 1, ITE(c, ITE(d, 1, 0), 0))//rule 3

The BDD for the expression can now be easily determined by
starting with the inner most ITE expression since these will be
at the bottom of the graph, and moving up to the outermost ITE
expression which is the root of the graph. In this example,b, c and
d are at the bottom anda becomes the root (Fig. 2(A)).

The BDD representation of the Boolean function allows the
variables of the function to appear on any level of the graph. The
level of the graph where a certain variable appears can be fixed
(with the root at level 0). An OBDD is a BDD with the input vari-
able of the functions ordered and the BDD is built and traversed
in ascending variable order (the variables appear at fixed levels of

1the Boolean functions are expressed as a product of sums
2the Boolean functions are expressed as a sum of products
3determine whether a Boolean function evaluates to 1 (true) for at
least one truth assignment
4determine whether two expressions denote the same function
5determine whether an expression evaluates to 1 (true) for all as-
signments

the graph.) The labeled values of non-terminal nodes indicate the
variable ordering with respect to≺. Fig. 2(B) shows a BDD with
variable orderinga ≺ b ≺ c.

A ROBDD is the same as an OBDD with the additional restric-
tion that there is no duplicate nodes in the diagram. This ensures
that ROBDDs are a canonical form representations of Boolean
functions6. To avoid duplication of a node, the nodes representing
the same constraint are merged and the internal node with identi-
cal children is shortcut (the incoming nodes must be redirected to
its child). Fig. 2(C) shows the difference between an OBDD and a
ROBDD in representing the expressionf = a+ b. As we can see,
b on the right side of OBDD is shortcut in ROBDD.

When manipulating multiple functions, all functions can be
represented using a single multi-rooted diagram, which is called
Shared BDD (SBDD). SBDDs provide a more compact represen-
tation of the functions by removing redundant nodes common to
the functions. In addition to the space cost improvement, shar-
ing sub-functions also reduces the time cost for operations per-
formed on the diagram. Fig. 2(D) shows a SBDD representing
two Boolean expressionsf = b + c andg = a + b + c. To eval-
uatef andg, the shared nodesb andc are computed only once.
Notice that the sharing may not always be possible. This will be
discussed in Section 3

BDDs allow for efficient and rapid complementation of func-
tions. In order to complement a function, all that is required is to
attach a negation attribute to the function node. Also, if a comple-
ment is used, only one constant node is required. By using regular
and complement in such ways, it is possible to use De Morgan’s
laws with little memory or performance impact. This allows for
the use of both CNF and DNF and the easy switch between them.

3. BDDs-based Modeling of Constraint Com-
binations

In the BDD-based constraint processing, each elementary con-
straint is assigned a Boolean variable, which is a symbol repre-
senting the result of the elementary constraint. A constraint com-
bination is expressed using a BDD as a Boolean function of those
variables based on a predefined order. From the BDD optimiza-
tions mentioned in the pervious section, we adopt the techniques
of node sharing (from SBDD), and duplicate node removal and
variable ordering (from OBDD and ROBDD), respectively. To
avoid dependent constraint computation, a transition link is used
to connect dependent variables (nodes) in different constraint com-
binations. We call the data structure thus derived the Constraint
Combination BDD (CCBDD). It is explained in detail below.

3.1 Constraint Sharing
In our implementation, each constraint combination is repre-

sented by one BDD. BBDs are the basic components of the CCBDD.
Like SBDD, several BDDs in a CCBDD can share nodes for same
common elementary constraint. When the BDD has the same
nodes as the newly inserted BDD, those nodes are reused. By shar-
ing the common elementary constraints in constructing BDDs, the
constraints are stored more compactly. Also the matching algo-
rithm can reuse the evaluation result of the nodes that are shared
by several BDDs. Redundant computations can thus be elimi-
nated. For example, when some object updates its location, all the
elementary constraints associated with the object and all the con-
straint combinations based on these elementary constraints need
6This means that a given Boolean function can only be represented
in one way using ROBDD
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Figure 3. Two BDDs Are Combined

to be reevaluated. However, our CCBDD insures that the each
elementary constraint is evaluated only once.

Fig. 3 shows, on the left side, the BDDs for two constraint
combinations,|p1, p2| < d1∧ |p1, p3| < d2∧ |p1, p4| < d3 and
|A, p1| < d1∧ |p1, p3| < d2∧ |p1, p4| < d3. On the right side is
the combined BDD with two output nodes. In the combined BDD,
the internal nodeX2 is reused forX5 andX3 is reused forX6

since the same elementary constraints are represented. During the
evaluation (e.g., whenp3 updates its location), the nodeX2 for
constraint|p1, p3| < d2 is only evaluated once.

Note that variable order in the BDD is important, because the
sharing of one node implies the sharing of all the sub-branches
(down to the terminal nodes) rooted at that node. If the elementary
constraints in Fig. 3 were not ordered the same way, e.g., orderX1

≺ X2 ≺ X3 for the first constraint combination andX4 ≺ X6 ≺
X5 for the second constraint combination, then the sharing would
not be possible, because the elementary constraints|p1, p3| < d2

and|p1, p4| < d3 are reversed in the second BDD. We will discuss
how the ordering is determine in the following subsection.

Since the number of distinct constraints in the constraint pro-
cessing engine is extremely large, a hash index for managing the
elementary constraints is used. Multi-level hashing is based on
the object set involved in the constraint (sorted by object id), the
operators (>, < ...) and the alerting distances. This makes the
search more efficient. When a new constraint is submitted into the
system, it is compared with the constraints that are already in the
system. If the constraint is not already there, it is inserted into the
hashtable. The mapping from the hashtable to the BDDs (repre-
senting constraint combinations) is also constructed. Fig. 4 shows

the hashtable along with the mapping to the BDDs.
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Figure 4. Boolean Variable Index

3.2 Variable Ordering
In order to share the common nodes, the variables in BDDs

have to be ordered, but determining the ordering of the variable is
difficult. Improper ordering makes node sharing impossible. For
example, in the variable orderingX1 ≺ X2 ≺ X3 ≺ X4, the
sharing between combinationX1 ∧X2 ∧X3 and combinationX2

∧X3 ∧X4 is not possible. Although the common nodesX2 and
X3 are in same oder, but variableX4 succeedingX3 encumbers
the sharing, because the sharing ofX2 andX3 implies the shar-
ing of nodeX4 below them, butX4 is not in the first constraint
combination, see Fig. 5.

Although the variable ordering problem is NP-complete [3],
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Figure 5. Impossible Node Sharing

various heuristic approaches can be used to order elementary con-
straints. A reasonable variable ordering may result in more con-
straint sharing and can avoid the exponential growth of the num-
ber of nodes in a CCBDDs. First, the ordering can be based on
the number of the occurrences of elementary constraints in con-
straint combinations. The higher the occurrences, the more bene-
ficial it would be if the node would be shared. Therefore, it should
be assigned a higher rank. The second ordering is based on the
frequency of the evaluation of elementary constraints. For a par-
ticular application, the frequency of the location updates of the
objects can be analyzed based on historical data. The elementary
constraint involving these objects are also evaluated with the same
frequency, triggered by the location updates. In our implementa-
tion, we use a combined approach, giving priority to the constraint
with higher occurrences. When two constraints have the same oc-
currence, the one with higher evaluation frequency gets a higher
rank. The elementary constraint with higher occurrences or with
higher evaluation frequency is placed at the bottom of the BDDs so
that it is more likely this elementary constraint is shared with other
constraint combinations, because no other node are appended be-
neath.

3.3 Garbage Collection for Constraint Update
Since the constraints are continuously updated (with insertion

and deletion), an efficient garbage collection algorithm should be
used to dynamically manage the size of the CCBDDs. Each node
added to the diagram has a reference count associated with it.
Whenever the node is referenced (e.g., if a new constraint com-
bination is added), the count is increased by 1. When a constraint
combination is removed from the graph, the reference count of all
nodes associated with the constraint combination is decreased by
1 accordingly. Nodes with reference counts of 0 are dead nodes.
Garbage collection removes dead nodes to free up memory. The
problem with garbage collection is oscillation, where a node keeps
being removed and added. It arises if a node occurs frequently be-
tween constraint combinations, and constraint combinations are
added and removed often. To cope with this problem, the garbage
collection can be set at a certain threshold (when the number of
dead nodes reaches a certain number), in order to reduce unnec-
essary creation and freeing up of similar nodes. If the nodes have
not yet been garbage collected, then they can be revived at mini-
mal cost since they already exist but are not being used. This saves
the overhead of having to reallocate memory and setting up all the
information necessary to manage the nodes.

Another problem with frequent constraint updating is how to
efficiently identify the dependency relationship between newly in-
serted constraints and the constraints that are already in the system.
This is discussed in Section 4.

3.4 Extension to Other Spatio-temporal Queries
It is not difficult to observe that all the above mentioned tech-

niques can be extended to and readily applied to other types of
continuous spatio-temporal queries. Examples of such queries in-
clude the Continuous Reverse Range query (CRR) and the Con-
tinuous ReverseK-Nearest Neighbor query (CRKNN ), which
are defined as follows:

1. Given a rectangular regionR, a Continuous Reverse Range
query,CRR(R, pi) (orpi ∈ R) continuously checks whether
a moving objectpi is insideR.

2. Given a static pointA, a Continuous ReverseK-Nearest
Neighbor query,CRKNN (A, k, pi), continuously checks
whetherA is one of thek nearest neighbors of moving ob-
jectpi.

The detailed algorithm solvingCRR andCRKNN can be
found in [25]. Just as the location constraint mentioned before,
the CRR and CRKNN queries are modeled as nodes in the
CCBDDs structure. Different query combinations share the same
elementary query that is repeated in different query combinations.

BDDs are also used for manipulation of non-Boolean functions
(i.e., polynomial functions). For these functions, a node in the
BDD represents the partial (non-Boolean) result of the function
for the subgraph rooted at that node. The CCBDDs we propose
can also be similarly extended to evaluate the queries that returns
a non-Boolean value. We only study one of the simplest of stan-
dard non-Boolean queries, the Continuous Range query (CR). But
it can be easily applied to other queries such as the Continuous
K Nearest Neighbor query (CKNN ). The definitions of these
queries are as follows.

1. Given a rectangular regionR, a Continuous Range query,
CR(R) continuously returns the moving objects that are in-
sideR.

2. Given a pointA, a ContinuousK-Nearest Neighbor query,
CKNN(A, k), continuously returns thek nearest moving
objects toA.

Note thatCR andCKNN differ from the traditional range
query and thek nearest neighbor query in thatCR andCKNN
incrementally report the update of the result set. For instance, at
some time pointt, CR(R) may report that pointp1, which was not
previously in the rangeR at time pointt − 1, is now in the range
R (called positive update, denoted asCR(R)t = p+

1 ), or pointp2,
which was originally in the result set, is now moving out of range
R (called negative update, denoted asCR(R)t = p−1 ).

The CCBDDs can improve the evaluation of combination of
such queries by reusing the result of the common elementary queries.
To exemplify, the query combination here could be ”return the 3
nearest ambulances to the location of the accidentA inside re-
gionR” (CKNN(A, 3) ∧ CR(R)). Another query combination
could be ”return the 2 nearest ambulances to another locationB
inside regionR” (CKNN(B, 2) ∧ CR(R)). Then the result of
CR(R) in both combinations can be reused. That is the result of
elementary query (BDD node) from different query combinations
is reused for different query combinations.

4. Dependency of Elementary Constraints
Location constraints may logically depend on each other. The

matching of one constraint may imply that some other constraints
are matched as well. Realizing implication relationships among
constraints can therefore speed up evaluation considerably.



4.1 Dependency Relations

In this section we identify several dependency relations among
constraints. For instance, if|p1, p2, p3| < d is satisfied, then it
follows that|p1, p2| < d is alsosatisfied. If we assume constraint
c1 is associated with object setP1 and constraintc2 is associated
with object setP2. The dependent relation forn-body constraints
can be identified with a set of rules summarized in Table 1. The
first and second column in the table are the description of the con-
straints, the third column is the conditions that must be met before
the dependent relation can be identified. The last column specifies
the transit condition between the two constraints. For instance,
the relation among|p1, p2, p3| < d and|p1, p2| < d is identified
with the rule in the first row, because they have the same alerting
distance and the object set{p1, p2, p3} is a superset of{p1, p2}.

Table 1. Dependency Rules
c1 c2 conditions transit condition

P1 < d1 P2 < d2 d1 ≤ d2, P1 ⊇ P2 c1 is satisfied→
P1 > d1 P2 > d2 d1 ≥ d2, P1 ⊆ P2 c2 is satisfied
P1 < d1 P2 > d2 d1 ≤ d2, P1 ⊇ P2 c1 is satisfied→
P1 > d1 P2 < d2 d1 ≥ d2, P1 ⊆ P2 c2 is unsatisfied
P1 > d1 P2 < d2 d1 < d2, P1 ⊇ P2 c1 is unsatisfied
P1 < d1 P2 > d2 d1 > d2, P1 ⊆ P2 → c2 is satisfied
P1 < d1 P2 < d2 d1 ≥ d2, P1 ⊆ P2 c1 is unsatisfied
P1 > d1 P2 > d2 d1 ≤ d2, P1 ⊇ P2 → c2 is unsatisfied

In CCBDDs, dependent elementary constraints are modeled
with node coverage. When the dependent constraints are identi-
fied, a transition link is added between dependent constraints. The
transition is triggered when the object updating the location is in-
volved in the constraints of both nodes. Fig. 6 shows two BDDs
(constraint combinations) that do not share any node. However,
the nodeX6 is depending onX3, therefore, a transition link is
created pointing fromX3 to X6. The transition condition is that
if X3 is satisfied, X6 is alsosatisfied. Also in order to transit, the
object updating the location should be in both object sets ofX3

andX6 (e.g., eitherp1 or p4). That is if the current location up-
date is coming fromp1, the result ofX6 is updated (givenX3 is
satisfied), but if the location update is coming fromp5, the result
of X6 does not need to be updated, because it does not affect the
result ofX6.
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Figure 6. Transition Link

Similar to the query that returns a Boolean value, the result
update of one non-Boolean query may dependent on the result up-

date of some other query. Taking the continuous range query for
example, suppose rangeR1 completely enclosesR2 andp1 was
originally insideR2, now if we know thatp1 is moving out of
R1, it is of course out ofR2. Therefore ifCR(R1)

t = p−1 , then
CR(R2)

t = p−1 . Conversely, ifp2 was originally outsideR1, now
if we know that it is moving intoR2, then it is also insideR1. In
the case whereR1 andR2 are overlapping and the intersection re-
gion isR1∩2, then the event of some object enteringR1∩2 implies
that the object satisfies both range queries.

4.2 Efficient Discovery of the Dependency

In real-world applications, constraints are continuously inserted
into and relinquished from the system. An important question is
how to quickly identify the dependent relation between the newly
inserted constraint and the constraints that are already in the sys-
tem. From the dependency rules in Table 1, two constraints may
have the dependent relationship only if the object set of one con-
straint is a superset or subset of the object set of another constraint.
Once we find those constraints, the dependent relationship will be
identified in the refinement step that follows. The problem is how
to efficiently determine which constraint has the object set that is
the superset or subset of the object set of the new constraint. This
problem is non-trivial, because a simple linear scan through all the
constraints is very expensive for large constraint loads. Clearly the
object sets of constraints are subsets of all the objects registered in
the system. Different sets have the partially ordered relationship
(or poset). We model the partially ordered relationship with lat-
tice structure. A lattice is a partially ordered set in which every
pair of elements has a unique supremum (the elements’ least up-
per bound) and an infimum (greatest lower bound). Lattices can
also be characterized as algebraic structures satisfying certain ax-
iomatic identities. An example of the lattice is the positive inte-
gers under the operations of taking the greatest common divisor
and least common multiple, with divisibility as the order relation
(a < b if a dividesb.) The lattice structure keeps the containment
relation of object sets. When a new constraint is inserted into the
system, the object seto of that constraint has to be inserted into the
lattice. The breath first search starts from the top and ends when
no node downwards encloseso completely. The nodes beneath the
currently visited node (where the insertion stops) represent the ob-
ject set that is completely disjoint witho, or partially overlapping
o, or is the subset ofo (assuming object seto has not been in-
serted before.) The currently visited node actually represents the
tightest superset (immediate supremum/superset) ofo along that
branch. Then, a new node representingo is created; and it is con-
nected with links upwards to the node of the immediate superset
and downwards to the node that represents the subset (immediate
infimum/subset) ofo (see the algorithmLattice Insert for detail.)
And all the supersets or subsets can be achieved by tracing upward
from the immediate supremum, or downward from the immediate
infimum. As we show experimentally, identifying the superset and
subset with the lattice structure is much faster than a linear scan of
all the constraints.

Figure 7 shows a lattice structure before and after the object
sets{p2, p3, p4} and{p2, p4} are inserted. When set{p2, p3, p4}
is inserted, the original link from{p2, p3} to {p1, p2, p3, p4} is re-
moved because the new set broke the immediate containment rela-
tion between them. Then the new links are added from{p2, p3} to
{p2, p3, p4} and from{p2, p3, p4} to {p1, p2, p3, p4}. Notice that
the actual link in our implementation is bi-directional, and the di-
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Figure 7. The Lattice Structure of Object Sets

rection of the link in the figure only designates the containment re-
lationship. Each node in the lattice maintains a counter that counts
how many constraints are now involved with this object set. After
the new node is inserted, a mapping record that associates the ob-
ject set with the constraints that involve this set is created in the ta-
ble. However, if the node in the lattice already exists, then only the
counter needs to be increased by 1 and the mapping record needs
to be updated. During the constraint removal, the counter for the
corresponding node is decreased by 1. And a node is removed if
the counter equals 0, indicating no constraint is associated with the
node.

Algorithm Lattice Insert(ObjectSet o, Current r)
1. create a noden representingo;
2. children = all children ofr;
3. if object set ofr ⊃ o
4. for the childrchd ∈ children
5. Lattice Insert(o, rchd);
6. else ifobject set ofr ⊂ o
7. father ofr becomesn’s father;
8. r becomesn’s child;
9. the link betweenr and its original father is removed;
10. else
11. father ofr becomesn’s father;

After the insertion, the immediate supremums and infimums
of the object set are available to construct the dependent relation
between the constraints. To exemplify, in Figure 7, suppose that
the constraintc4(|p2, p3, p4| < d) is already in the mapping table
and the constraintc6(|p2, p4| < d) is now inserted into the match-
ing engine. After the update of the lattice structure, one of the
supremum of{p2, p4} is identified as{p2, p3, p4}, which further
maps to the constraintc4 and a dependent relation is immediately
constructed according to the rule in the first row of Table 1 in the
refinement step that follows.

5. System Implementation

We have developed the constraint combination processing al-
gorithm embedded in our research prototype called Location-based
Toronto Publish/Subscribe System (L-ToPSS). More information
about an earlier version of the system prototype is summarized
in [27].

The system was deployed as a proof of concept on a mobile cel-
lular network. The overall system architecture is shown in Fig. 8.
In our implementation, the system uses the cellular network to ob-
tain location position information of the subscribers. The network
exports location tracking capabilities via a Web service. The users
can submit or update their queries (constraint combinations in this
context) along with the desired notifications (text messages) from

CCBDDs Index Mangement
 Data Link

Proxy Server


Notification

Engine


Location

Position Server


Notification

Server


Openwave SDK


Cell phone


WAP Push Request

for Notification


Constraint

Combination


Position query

& reply


W

A


P

 
B


 r
o
 w

 s
 e
 r
 
(
W


 A

 P


  
2
 .
0
 )


(long. lat. alt.)


N

o
t
i
f
i
c
 a
 t
i
o
 n


Phone Network Carrier


cc 1


cc 2

cc 3


Update


Constraint Combination

Processing Engine


Result


Figure 8. End-to-end System Architecture
(fully implemented)

our web page. For experimental purposes, the constraint combi-
nations can also be submitted in batches. These queries are then
indexed with the CCBDDs structure by the CCBDDs index man-
agement component.

Our system retrieves the location position data through the lo-
cation position server over the Internet. Both the server and the
subscriber can initiate position requests. When the location up-
dates stream into the system, they are processed by the constraint
combination processing algorithm, which traverses the CCBDDs
structure for the query evaluation, and the matches of the con-
straint combinations are communicated back to the subscribers via
the notification server on the carrier’s side. The wireless operator
combines GPS, network triangulation, and cell site location tech-
nologies to position subscribers. A brief evaluation of the accuracy
of the system under different experimental conditions is summa-
rized in [26].

6. Experiments

In this section we evaluate the performance of the constraint
processing with CCBDDs. Our implementation of the matching
engine is based on the JavaBDD package [1]. In the experiment,
the constraint combinations are generated and associated with 5,000
objects moving with an average velocity of 10m/s. On average, a
constraint combination consists of 5 elementary constraints, each
one associated withn objects, wheren = 4, unless otherwise
specified. To construct the constraint combinations, we first gen-
erate an elementary constraint pool with adjustable size. The el-
ementary constraints are generated such that they contain a pre-
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Figure 9. Repetitive Constraint Processing
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Figure 10. Dependent Constraint Processing

determined percentage,α, of dependent constraints. The elemen-
tary constraints among the constraint combinations are randomly
drawn from an elementary constraint pool, since the size of the
pool can be adjusted, the percentage,β, of the repetitive elemen-
tary constraints (the elementary constraints that are exactly the
same) in the constraint combinations can be precisely controlled.
In reality, constraints involving fewer objects consume less mem-
ory. But for the sake of analysis, we store each constraint in the
structure with a fixed size of 0.1kB. In the experiment, we measure
the processing time and the memory consumption with or with-
out CCBDDs structure. Notice that each location update from a
moving object triggers the evaluation of constraint combinations
associated with that object. The processing time is defined as the
CPU time for processing the constraint combinations when all the
objects update their location once (in sequel). All experiments
were conducted on a Pentium 4 with 2.13GHz CPU and 2G RAM
running under Linux OS.
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Figure 11. Variable Ordering in BDDs

In the first experiment, we increase the percentage of repetitive
elementary constraints and measure the matching time and mem-
ory consumption for two constraint loads, 4k and 10k constraint

combinations, respectively. As can be observed from Fig. 9, the
matching time without CCBDDs structure is fix at around 300ms
(for 4k) and 800ms (for 10k), respectively. However, with the
CCBDDs structure, the repetitive constraints are represented as the
same node, and therefore are evaluated only once, the matching
time decreases linearly as the percentage of repetitive constraints,
β, increases (A). Likewise, due to the reuse of the CCBDDs nodes
for the repetitive constraints, the memory size to store all the con-
straint combinations also decreases linearly as repetition increases,
while it has no effect on the memory size when CCBDDs is not
used (B).

In Fig. 10, we show that using transition links to prune the com-
putation of dependent elementary constraints has a similar effect
on the processing time as the pruning of the repetitive constraints.
The matching time decreases linearly as the percentage of depen-
dent constraints,α, increases (A). But since transition links incur
additional storage, the CCBDDs structure plus transition links re-
quires more memory (B).

For the above experiments, we have applied the variable order-
ing technique mentioned in Section 3. The elementary constraint
rank is based on popularity, popular constraint (higher occurrences
and evaluation frequency) with higher rank, and less popular con-
straint (lower occurrences and low evaluation frequency) with lower
rank. Higher ranked constraints are translated into nodes at the
relatively lower level of BDDs, so they get a higher chance to be
reused by other BDDs. Now, we compare against the case where
the variable ordering heuristic is not applied. Fig. 11 (withβ=40%
α=0) shows that CCBDDs without variable ordering heuristic achieves
only slight performance gain over the baseline where no CCBDDs
structure is used, in terms of processing speed (A) and memory
use (B), because many nodes are left unshared. This means CCB-
DDs has almost no effect when variable ordering is not applied.
Therefore, in our experiment, ordering is always used together
with CCBDDs without specifying.
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Figure 12. Effect of Lattice

In Fig. 7, we show the processing cost for establishing the de-
pendent relation when new constraints are inserted. Here, 25% of
the elementary constraints are dependent (α=25%). The process-
ing time is proportional to the number of constraint combinations
inserted (A) and the size of the lattice depends on the number of
constraints already maintained in the system (B). Therefore, as the
input constraint combinations or the existing constraints increases,
the time for insertion and memory consumption also increase, re-
spectively. From Fig. 12, We observe that even though the lattice
structure incurs 10% more memory consumption (B), the process-
ing time to identify the dependent constraints is reduced to 10% of
the cost of processing without lattice structure (A).

In the following experiment, we test the processing time and



memory space consumption for theCRR andCRKNN queries.
The experimental setting is exactly the same as before, except that
the elementary constraints are replaced with elementaryCRR or
CRKNN (k=3) queries, and in total we generate 10k query com-
binations, each with 5 elementary constraints. Fig. 13 shows the
saving in matching time (A) and memory use (B) when the rep-
etition of constraints increases. Also when CCBDDs structure is
applied to non-Boolean queries, such asCR andCKNN (k=3),
a similar trend is observed in Fig. 14. Due to the space limitation,
we do not further elaborate this.
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Figure 13. Repetitive Query Processing
(CRR,CRKNN)
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Figure 14. Repetitive Query Processing
(CR,CKNN)

7. Related Work
Determining the geometric relationship among a set of mov-

ing objects in the Euclidean space has received wide attention in
the literature. Spatio-temporal queries in Euclidean space include
k closest pairs [6], the (k) nearest neighbor [31, 16], continu-
ous range query [23], and buddy tracking [21]. All these above
mentioned approaches study the efficient processing of a single
query. The Scalable INcremental hash-based Algorithm (SINA)
[13] studies how to efficiently process a large amount of spatial
queries. It achieves scalability with shared execution, which per-
forms the spatial join between a set of moving objects and a set
of queries. The efficiency is achieved with incremental evaluation,
which computing only the updates of the previously reported an-
swer. Their work in [24] detailed and compared three query join
policies, and a hot join policy which is enhanced from the incre-
mental join policy is shown to be the best policy because it incor-
porate the use of No-Action region. Their work, although targeting

at single queries of a large amount, does not consider the evalua-
tion of query combinations. The work [8] studies the evaluation of
continuous constraint queries (CCQ) over data streams. The CCQ
is modeled with Constraint Satisfaction Problems (CSPs) and the
solution they propose minimizes the memory consumption and is
suitable for data stream at high rate. Their work, however, does
not exploit the common components in the combinations to reduce
processing overhead.

Our prior work [27, 28, 25] studies the processing of proximity
relations ofn bodies in the 2D Euclidean space, and in [26] we
evaluate the precision of available location positioning technolo-
gies to offer a solution for constraint evaluation under position un-
certainty. None of these work discuss the processing of constraint
combinations. Although the combination of continuous queries
exhibits enhanced expressiveness, as to the best of our knowledge,
there is no existing work studying how to efficiently process query
combinations that group elementary queries with conjunction, dis-
junction and negation.

BDDs and variants of BDDs have been used widely in many
fields such as digital system design, finite-state system analysis,
and artificial intelligence. BDDs have also been used for formal
verification [5] and pointer alias analysis in Java [22]. Multi-
terminal BDDs (MTBDDs) are suggested as representation of ma-
trices. This allows the efficient processing of term-wise, row, col-
umn, block, and diagonal selection over matrices, such as required
by Strassen matrix multiplication and LU factorization [7]. The
multi-valued decision diagrams (MDDs) support fast discrete func-
tion evaluation [12]. When extending BDDs by allowing val-
ues from an arbitrary finite domain to be associated with termi-
nal nodes, algebraic decision diagrams (ADDs) are applicable to
shortest path algorithms and linear algebra [15]. Zero-suppressed
BDDs (ZBDDs) are applied to reduce the computational complex-
ity of clustering techniques for analyzing gene expression data [17].
BDDs have also been applied to the publish/subscribe matching
problem [11] by representing predicates in subscriptions as vari-
ables, and modeling subscriptions as Boolean functions. All these
applications exploit the shared execution to reduce the computing
effort, however, none of them targets at the shared execution of
database queries, letting alone the combination of spatio-temporal
queries.

8. Conclusions
In this paper, we introduce algorithms based on BDDs for the

efficient processing of combinations of elementary location con-
straints. The combinations constitute more expressive queries than
a single elementary constraint. Under large query loads, it is con-
ceivable that many of the elementary constraints involved in a
combination are redundant or overlapping. To amortize the pro-
cessing cost, we propose the CCBDDs to index constraint combi-
nations so that the repetitive constraints are not being stored and
evaluated multiple times. This greatly improves the system per-
formance in terms of processing speed and memory use. With
transition links across nodes, the CCBDDs structure successfully
prunes the computation of dependent constraints. Variable order-
ing based on the popularity of constraints speeds up the matching
process by enhancing the chance of node reuse. Incremental main-
tenance of an additional lattice structure allows us to determine the
dependent constraints of the newly inserted constraints efficiently.

Our experimental evaluation shows that when the percentage
of overlapping constraints is high (e.g. 50%), the CCBDDs struc-



ture dramatically reduces the processing time (in our experiments
by up to 35%) and memory use is reduced by up to 40%. Further-
more, we find that an advantageous variable ordering must be used
to make CCBDDs effective. Moreover, with 10% more memory
used, the lattice structure helps to identify dependent constraint ten
times quicker than without the lattice.
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